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Abstract

The Frequency–Domain Transmission Line
Matrix (FDTLM) method is extended to the cal-

culation of cutoff frequencies in waveguides. The

influence of mesh grading on the accuracy of the

solutions is analyzed for different kinds of nodes,

showing clear differences in numerical dispersion

between them. Analytical solutions give further
insight into the behavior of the FDTLM method.

Introduction

The Frequency–Domain Transmission–Line
Matrix (FDTLM) method [ 1],[2] was introduced
as an extension to the time–domain TLM method

[3], featuring several advantages over the latter
when the analysis is required at a few frequencies

only. A distinct feature of the FDTLM method

is that time–synchronism at the node boundaries

is not required, allowing easier mesh grading (i.e.,

deviations from cubic node geometry) than in time

domain. In fact, the node scattering matrix in the
FDTLM method will always be 12 x 12, no mat-
ter if a non cubic node geometry is used or if the

material parameters vary from node to node.

In this paper two problems with the FDTLM
method are investigated and solutions are pre-

sented. First, the FDTLM method was so far

not capable to calculate cutoff frequencies in

waveguides directly. Second, different FDTLM

nodes lead to different accuracy (dispersion), in
particular when the mesh layout becomes non–

equidistant. Four different FDTLM nodes are in-
vestigated and a detailed discussion is presented
why some nodes are better than others.

Cutoff frequency calculation

The Symmetrical Condensed Node (SCN) is uti-

lized to discretize the space in a rectilinear mesh.

Inhomogeneous media and mesh grading are ac-
counted for by the admittances or/and propagation
constants of the node transmission lines. Scatter-
ing of the voltage waves take place at the node

center and at the interfaces between nodes. In the

FDTLM method the SCN is always represented

by a 12 x 12 node scattering matrix [Sv] which
relates incident (superscript i) and reflected (su-

perscript r) waves as

(v)” = [Sv]o(v)’ (1)

where (V) = (V+zy V–~y v+~z Lzz V+yz v-y.
V+yx V-gx V+zx V-zx V+zv V_zv) contains 12 volt-

ages on the 6 stubs (sign and first index) in two

p~larizations (second index), and [Sa] is

-s Xyzy o 0 Sg.zv o Szvzv
o S.zz. Syz.z o s.... o

s Sgzvz o 0 SzvvzZzyz

soZyyx o Syzy. Sz.u. o
soXzzx s Szxzz oyxzz

_ s 0 0 S:z, o 0 Sz,zyZyzy

The Sij~l are 2 x 2 submatrices describing the scat-

tering from +ij and -ij lines to the +kl and -kl lines

of the SCN.

In the following, the analyzed waveguide struc-

ture is supposed to be homogeneous in z–

direction. The SCN’S are connected in a given

mesh by connection matrices C. and L’g. Reflec-
tion coefficients of – 1 and +1 describe electric
and magnetic boundaries, respectively.

(L@..)’ = [G] “ (v+.,,+..)” (2)

(u,.,+,.)’ = [q] “ (%2,+,.)’ (3)

In the conventional FDTLM method [1], the scat-

tering matrix of the connected nodes is converted
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into an ABCD–matrix to be able to apply Flo-
quet’s theorem for periodic structures. Then equa-

tions ( l)–(3) result in a standard algebraic eigen-

value problem (of the form [A] (V) = J(V),
eigenvalues A), which is directly solved for the

propagation constants.
At cutoff, however, the propagation constant be-

comes zero and the conversion of S–parameters

into ABCD–parameters is not necessary. In other
words, the fields (i.e., the voltage distribution over

the z–directed node stubs) are the same on both

sides of a node slice. Thus, a connection matrix

C. can be defined such that

W’&z,+w)’ = [c,] “ (V&#.,)’ (4)

The composition of C’, will be discussed later.
( l)–(4) result in the eigenvalue equations

(R,] - [s,.z,][c,l[~,.] -’[sz,,$l[cal) (E.v)

= o (5)

([u - [s,zm.l[c,l[~v.l-’[saz,zl[czl) (L&)

= O (6)

where (unit matrix 1)

[P&] = ~- [S.,.,][q - [Sz,.,l[czl

[~ - [Sz,z,l[czll-’[sz,z,l [czl

[~,z] = ~ - [S,.,.][ql - [Sz.,.l[czl

[1 - [Szzzz][cz]]-l[s,z.a][c,]
[Pzz]= I - [SZZC2][C.J- [SZZ.2][C2]

[~- [Sz%zz][c.]l-’[sz..%l [czl

[%] = ~ - [S,z,zl[q] - [Sz,,zl[cz]

[~ - [Szvzg][czll-’[syzzvl [cvl

Similar equations can be found for (V&) and

(V+gz). The nonalgebraic eigenvalue problems
(5), (6) have nontrivial solutions only if the
frequency–dependent matrix becomes singular.

The size of this matrix is 6N (where N is the

number of nodes), whereas in the conventional

FDTLM method [1] the size of the characteris-

tic matrix is 12N. Eigenvalues, found by a zero

search algorithm, correspond to the cutoff fre-
quencies.

The above is valid for homogeneous or inhomo-

geneous waveguides, because modes in inhomo-
geneous waveguides degenerate at cutoff to be ei-

ther TE or TM.

At cutoff, from the 6 possible field components,

only 3 are different from zero. I.e., Hz, IIz, Eu
for the TE–cutoff–case, and 17Z, Hz, Hu for the

TM–cutoff–case. As it is known from the gen-

eral properties of the SCN [3, chapter 6.2], the
fields of the TE-cutoff-case are built from V+cv,
v+y~, W-z., V& (but not from V+-.., V&), and
the fields of the TM–cutoff–case are built from

Kt~~, v~v~, Vtzz, V&. Therefore, equation (5)
applies to the TE-cutoff-case, while equation (6)

applies to the TM–cutoff–case.

To find the connection matrix Cz, applying Flo-
quet’s theorem at cutoff gives (V+zz)i = (V_zz)r,
(V-zc)z = (V+zz)r (analog for (V&v)). Then, Cz
will be hi–diagonal

[0] [I]
[CJ = [ [1] [0]1

(7)

Another possibility of looking at this is the mir-
roring of the fields at the slice boundaries .z =

+Az/2. To keep the original field components

Ez, Eg, ... Hz and their images E;, E; ... Hi
directed in the same sense, respectively, the ‘mir-
ror’ should realize a reflection of +1 for _EZ, Ey,
Hz, and a reflection coefficient of – 1 for Ez, Ha,
Hv. That is, C, = +1 for the TE-cutoff-case, and

CZ = –1 for the TM–cutoff-case. The two differ-
ent CZ, obtained either by applying Floquet’s the-
orem or by mirroring, yield identical eigenvalues.

Different kinds of FDTLM nodes

Mesh grading is taken into account by chang-

ing line propagation constants y and line admit-

tances Y of the SCN. Four different types of SCN
are considered here. In case of a cubic node, they

simplify to the SCN known from the time–domain

TLM method [3]. Although time synchronism is
not necessary in the FDTLM method, it is still
required to keep the voltages on all z–directed

stubs in phase at any plane [x, y, z = ,zO] [4], i.e.,

7+2. = ‘Y+zy.

The first node considered here is the Charac-

teristic Admittance Node (CAN), where all lines
have the same admittance equal to those of the

node medium, Y = @ [1], [2]. Then, the line

propagation constants are calculated as TZ = ~ZY

= 7= = ~~m @x2Ay2 + AX2AZ2 – Ay2Az2)

/ (Ax2AyAz), where km= w@i. Similarly for

the other lines.
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The second node is called Propagation Con-

stant Node (PCN), where ~ = km/2 is the same

for all lines [5],[6]. This results in line ad-

mittances of YZY = @W/(W, y., =

@(AY)/(Az), andso forth.
The SCN can be divided either in 3 series cir-

cuits or 3 shunt circuits [3, chapter 6]. In accor-

dance, the Hybrid Node with Series Decomposi-

tion (HYSER) and the Hybrid Node with Shunt

Decomposition (HYSNT) are defined [7]. For
the HYSER, it is assumed that Y~ij = Y~ji and

Axy~~~ = Ay7~Yz, while for the HYSNT, Y*M =
Ytj~ and Awy&ZY = Ayy~yz (i,j ,k = X,Y,Z,but
i#j#k). This determines all remaining Y and ~.

Analytical calculation of Z’E.O modes in
rectangular waveguides

A two node mesh with Axl # Axz, ~gl =

Ay2 = Ay, A.zl = AZ2 = Az, G = K,
E,2 = 1 describes a rectangular waveguide par-
tially filled by a dielectric, which supports LSE
and LSM modes as well as T13n0 modes (Fig. 1).

For the CAN, the zeros of the determinant (5) re-

sult in the characteristic equation, which simpli-

fies in the case of Ay = Az to the exact analyti-

cal solution of the problem for Z’i?3n0 (n = 1,2,...)
modes [8, chapter 6]

tan(kO~Azl) = –K tan(kOAx2) (8)

where k. is the free space wavenumber. On the
other hand, forcing Axl = AX2 = Ax and 8,1 =

1, but Ay # A.z, yields

O=(l+exp(-’koY))‘
(-’+ex’(-’k%%)x

(l+ex’(-JkoAx(~+%)))“)
The roots of (9) are easily found. They depend

on the ratio Ay + Az. If Ay = Az, all cutoff

wavelengths are exact (Ae = 4Ax/N, N=l ,2,...)
and it is interesting to note that only two nodes

can model exactly an infinite number of modes (in

case of plane wave propagation in the direction of

a coordinate axis). However, for Ay # Az, arbi-

trarily large errors can occur.

/Az,# ,//
/ //zk=.-. , ..’ , .

Fig. 1. Rectangular waveguide discretized by two nodes

CharacteristicAdmittanceNode Propagation Constant Node

Hybrid Node - Series Decomp. Hybrid Node- ShuntDecomp.

\ F’
0.5 1 2 0.5- 1 2

AzIAx AzIAx

Fig. 2. Accuracy of TEIO cutoff for a 4 node chain mesh
with variable node dimensions using different FDTLM
nodes. Shown are areas for the error less than 0.1 %
(solid lines), 0.5% (dashed lines), and 2.5% (dashdotted
lines). Shaded areas represent typical node dimensions
for planar structures.

Influence of mesh grading

As can be seen from the roots of (9) for the

CAN, the solutions for T.E.O modes are exact if
Ay = Az, The other nodes will show different

behavior if their geometry deviates from a cube.
Fig. 2 illustrates the accuracy with which the

Z’1310 cutoff is modeled by a chain of 4 identical

nodes of the same kind (i.e., either CAN or PCN,
or HYSER, or HYSNT,) while changing Ay and
Az. The solid lines enclose an area where small

errors occur, although the nodes are not cubes.

The mesh of a typical planar structure shows node
dimensions which are represented by the shaded

areas in Fig. 2. I.e., Ax is graded weakly such
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Mesh A Mesh B Mesh C Mesh D Mesh E

Mesh F Mesh G Mesh H Mesh I Mesh K

Fig. 3. Microstrip line with different FDTLM meshes A.. .K
(magnetic wall symmetry). Strip width 50 roil. Sub-

strate 50 mil thick. CT = 8.875. Housing 160x264 roil.

that AZ x Ax or A.z < Ax, and Ay is graded

rather strongly. It can be seen that a mesh using

the CAN would produce large errors. In compari-
son, the HYSNT give much better results.

This can also be demonstrated for the S.ff of

a microstrip line. The 4 different nodes are used

and the cross section is discretized using the 10

different meshes shown in Fig. 3. The mesh cells

around the strip have the dimensions of 6.25 x

6.25 roil. Fig. 4 clearly shows how mesh grading

affects the results. The better results are always

obtained with almost cubic cells in areas where

the fields vary strongly. That is why AZ = 3
mil gives worse results than 6 mil or 9 mil. Fur-

thermore, the CAN yields the worst results as it
was expected from the above. The PCN and the

HYSER give better results than the CAN, but the

HYSER is quite sensitive to changes in AZ (cf.

Fig. 2). The HYSNT gives the best results.

In generalizing the latter, three rules for mesh

discretization can be formulated: First, the hybrid

nodes HYSNT or HYSER should always be used.

Second, critical areas (e.g. edges) should be dis-
cretized with almost cubic nodes. This determines

AZ as well. Third, long brick cells do not deteri-

orate the results too much as long as their cross

section is almost a square and the fields vary only

sligthly.
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Fig. 4. Effective permittivity&,ff for the fundamental mode
of the microsti”p line of Fig. 3 at 1 GHz. Different
meshes A...K and AZ = 3/6/9mil.

Conclusion

The FDTLM method was extended for the cal-

culation of cutoff frequencies in waveguides. Four

different symmetrical condensed nodes were an-

alyzed with respect to deviations from the cubic

node case. It was found that for wave propagation
in the direction of a coordinate axis, only very few
nodes may be enough to model a given space be-

cause the FDTLM nodes involve series of trigono-

metric functions to approximate the fields. Some

simple rules for the mesh design were derivated.
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